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Abstract:  The approach is an empirical Bayesian methodology in a survival analysis context with an application to
clinical trials. The intent of this proposed methodology is to give individuais in clinical trial equivalency research more
flexibility in model selection. The methodology is an extension of Bartolucci and Singh’s (1993) work to the Weibull
and linear-exponential models that involves testing nonscale parameters by classical methods. For the nonscale
parameter, the Thoman and Bain’s (1969) method is employed for the Weibull, and a nonconventional likelihood ratio
test is derived in the linear-exponential case. Pertaining to the scale parameter, the approach defines a general class of
discrepancy measures for equivalency, shows specific limiting cases of the general measures, and then applies the
Bayesian neighborhood null hypothesis theory to derive posterior credibility regions on the measures for both

distributions.

1. Introduction

Imagine a statistician who received a data set from a
scientist. The characteristics of the data set were as
follows: two treatments were applied at random. to two
different groups of samples, but the samples within
each group were from the same homogeneous
population; and the random variable of interest was
survival times. Imagine also that there was ancillary
information available to the statistician that the scientist
had knowledge of and was pertinent to the analysis.
Finally, imagine that the scientist requests that the
statistician tests the hypothesis of equivalence
regarding the two treatments. The above scenario
describes very generalily the point at which this work
begins. This methodology focuses on the analysis
aspect of equivalence only. It assumes that the design
aspects of the study were carried out such that all
parties of concern agree with the method. As a result,
a formal statement is as follows:

Given a data set of two drug formulations, one as an
experimental formalation and the other as the standard
formulation, with the objective of demonstrating
equivalence of survival times in an active control
clinical trial, how does one analyze the data set
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assuming that the underlying distributions are either a
Weibull density or a Linear-Exponential density and
prior information about the parameters of these
distributions are available? Furthermore, what is the
correct inference?

There are several important objectives of this research.
One important objective is to extend the methodology
of Bartolucei and Singh (1993) to include other
survival distributions such as the Weibull and Linear-
Expenential. The purpose of this objective is to give
researchers greater flexibility in the modeling and
analysis of data.

The Bartolucei and Singh (1993) methodology is also
taken a step further to derive the asymptotic joint
distribution of the credibility limits so that probabilistic
statements can be made about the credibility limits
being a subset of the specified interval or any other
interval. Finally, the approach taken in this paper
differs from the Bartolucei and Singh method in terms
of the calculation of the test statistic and the credibility
region.

The second objective of this research is to present a
technique that can be used in integrating posterior



distributions derived when using this methodology.
This objective is critical because the posterior
distributions derived when using this methodology are
usually such that analytical methods are not applicable.

The third important objective of this research is to
provide an argument for the correct inference when
demonstrating equivalence is the desire of the study.
The imperativeness of this objective stems from the
need to correctly interpret the statistical resukts of an
active control clinical trial.

2. Weibull and Linear-Exponential Distributions

The two-parameter Weibull probability density
function may be defined (Lee 1992) as
f& = Av(Ap'exp(-A)Y  £Ay>0.
2.1

For the Weibull distribution with a non-scale
parameter, the hypotheses are as follows:

Hy S5 q.a Hyis 2 c1.A
Vz ‘V!Z
2.2

The Thoman and Bains' (1969) test is used for testing
the hypotheses (2.2). The two-parameter linear-
exponential probability density function is given by

FB) = (A yhexp (AL - % Vi3 tAv >0
2.3)
The hypotheses for the non-linear exponential

parameter of the Linear-Exponential distributions are
defined as follows:

H'OO:._YJ.<‘§VA ﬁ>1+ﬁ
Y, ¥,
H’10:1~As£s‘!+ﬂ
Ya

The tiketihood ratio test and integraticn techniques are
developed by Jefferson (1997).

3. Applications

An anatysis of data from a published clinical study was
performed. The objectives of the trial were:

(1) To compare the efficacy and toxicity
of the combination of idarubicin(IDR) plus cytarabine
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(CA) to daunorubicin (DNR) plus CA for remission
induction in previously untreated acute myelogenous
leukemia.

(2) To compare the combination of IDR,
CA and thioguanine (TG) to DNR, CA, and TG i
consolidation.

(3) To compare IDR plus CA to DNR
plus CA for intensification treatment during
maintenance;

Vogler et. al, (1992). With respect to the context of
this paper, the analysis performed is focused on the
efficacy aspect of objective 1, where IDR (treatment 2)
is the experimental drug and DNR (treatment 1) is the
reference therapy.

Data Set [nformation

The total number of observations involved in the
analysis was 225. The total number of survival times
recorded for IDR was 109. Pertaining to IDR, there
were 104 non-censored and 3 censored survival times.
When compared to DNR, the total number of survival
times was 116. There were 104 non-censored and 12
censored survival times for DNR. The unit of
measurement regarding survival times was in months.

Regarding the testing of the non-scale parameters,
Thoman and Bain’s (1969} methodology was used for
the shape parameters of the Waibuil distribution, and a
likelihood ratio test was developed for the non-
exponential linear parameter of the Linear-exponential
maodel (Jefferson 1997).  The resulis contained in
Tables 3, 4, and 5 pertain to the testing of the non-
exponential linear parameter for the Linear-Exponential
model.

Concerning the testing of the scale parameters, after
deriving the posterior distribution for n=2 /1, for each
model, Efn | D) and E{{n -E(n| D} 71D} were computed
for each model. Z,; and Z, ¢ are the maltipliers
needed for computing the 90% and 95% limits,
respectively, based on asymptotic normal distribution
theory. The EmUD) has an asymptotic normal
distribution (Jefferson 1997, for the Weibull and linear-
exponential models, respectively). Consequently, the
90% and 95% credibility limits were calcuiated and
compared to a predetermined interval (0.8, 1.2). The
selection of the interval (0.8, 1.2} is from the
bioavailability protocol guideline produced by the FDA
(1977).



The Mi. estimates for the shape parameters of the
Weibuli distribution for treatment 1 and treatment 2,
respectively are ¥, - 0.815 and ¢, - 0.91.
Employing the test given by Thomas and Bain (1969),

k - 1.11858, where k - y,/Y,

A researcher should rgject Hy,: non equivalence of the
shape parameters and conciude that a necessary
condition for equivalence has been established with
respect to the shape parameter of the Weibull
distribution.

Regarding testing the hypothesis A, (non equivalence
), concerning the scale parameter ratio o= y /vy, the
general case posterior distribution of n was derived.
Credibility limits were calculated for sixteen different
prior parameters combinations of the fy, for the
Weibull model at the 90% and 93% levels. The four
selected values for the Iy, prior distribution parameters
ny and ¢, were 1.7, 4, 6, 9.5 and 10, 17, 24, 33,
respectively. The Iy, prior density parameters were
selected for comparison purposes with the results
obtained by Bartolueci and Singh {1993) and Singh
{1996).

Table 1 contains the Weibull mode! results concerning
scale parameter equivalence. All of the credibility
regions (both 90% and 95%) for the Weibull mode! are
within the predetermined interval (0.8, 1.2). As a
result, a researcher would reject A, and conclude that
a necessary condition for equivalence has been
established with respect to the scale parameters for the
Weibull density. The overall inference, regarding the
findings of this clinical trial with the underlying
assumption of a Weibull distribution, is that & necessary
condition for equivalence has been established since
both parameters of the Weibull distribution are
equivalent among the two treatment therapies.

Linear-Fxponential Model

Table 2 contains the Linear-Exponential mode} results
with respect o scale parameter equivalence. Each of
the credibility regions are a subset of the specified
interval.  As a result, in each of those cases, a
researcher would reject H,, and conclude that a
necessary condition for equivalence has been
established with respect to the scale parameters while
assuming the linear-exponential model as the
underlying distribution. The capstone inference,
concerning the analysis and results of this clinical trial
with the underlying distributional assumption of the
linear-exponential, is that a necessary condition for
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equivalence has been established since both parameters
of the linear-exponential density are equivalent among
the two treaiment therapies.

These findings support the hypothesis of equivalence,
However, the inference regarding the findings of this
trial is that of a necessary condition which is: for two
therapies to be equivalent in their effectiveness to the
treatment of a disease, then a credibility region must be
such that it is within the predetermined interval. The
ML estimates for the non-exponential linear parameters
were zero, indicating that a single parameter
exponential distribution as a more appropriate model
for the given data set. However, to illustrate the
linear-exponential model, 0.01, was selected as an
estimate for ¥, and V¥, and0.0101 was selected
for of the combined data sets. Continuing, the Table
3 and 4 contain the values of

Aj‘ = £ (A}, f - 1,2, Table5 contains the values
of -2 log(k,) and -2 1og(K,) where k; are the likelihood
ratio statistics,

K - L (1.9,)A)/L@, TIA), F1.2,

respectively. As expecied, because of the selection
of ¥,, ¥ V. Hyp isrejected all combinations of
#, and 4, since -2 log(k,)<3.841 (X}%,45). Pertaining to
the testing of n in the hypothesis as H,,:, while
assuming an underlying linear-exponential density, the
posterior density in the general case was derived. The
values of », and f, were the same as in the Weibull
model case, and they were selected for the same
reasons. The 90% and 95% credibility regions were
computed for the sixteen different combinations of the
prior parameter of the Iy, density.

4, Driscussion

These findings support the hypotheses of equivalence
for the scale and non-scale parameters. However, the
inference regarding the findings of this trial is that of a
necessary condition which is: for two therapies to be
equivalent in their effectiveness to the treatment of a
disease, then a credibility region must be such that it is
within the predetermined interval.

The results of the data analysis by both models of this
clinical trial indicates that a necessary condition has
been established for equivalence wusing this
methodology. The findings using this methodology are
consistent with the findings of the classical methods.
In this particular clinical triai, the experimental therapy
was selected for its potential efficacy equivalence to the
standard therapy and less severe side effects,



This paper demonstrates the increased flexibility of the
Bartolucci and Singh (1993) methodology by extending
to the Weibull and linear-exponential models. The
methodology of Bartolucel and Singh (1993) also
allows researchers to include their knowledge of the
active agents in the compound by the selection of the
prior parameters of the Iy, distribution, namely, »; and
t,, For detailed discussions on equivalence and
bioequivalence the reader is referred to Anderson and
Hauck (1983), Bartolucci and Dickey (1977),
Blackwelder (1982), HSU (1983), Makuch and
Johnson (1989), Metzler (1974), Munk (1993),
Schuirmana {1987), Westlake { 1979, 1981).
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TABLE 1

WEIBULL MODEL RESULTS FORf,
{a = 90% Credibility Region, b = 5% Credibility Region)

Iy
£, 1.7 4 6 9.5
10 1.00385 0.89271 0.98105 1.03805
a | (0.8936, 1.1137) (0.8834, 1.1020) (0.8733, 1.0888) (0.9265, 1.1496)
b | (0.8726, 1.1347) (0.8625, 1.1230) (0.8526, 1.1095) (0.9052, 1.1710)
17 0.98920 1.00607 0.9952 1.02424
a { (0.8900, 1.1084) (0.8959,1.1162) (0.8896, 1.1085) (0.9141,1.1344)
b | (0.8691, 1.1283) (0.8748, 1.1373) (0.8685, 1.1305) (0.8830, 1.1555)
24 0.98335 0.98258 0.98747 1.00998
a | (0.8740,1.0927) (0.8740,1.0912) (0.8779, 1.0971) (0.8002, 1.1198)
b | (0.8530, 1.1137) (0.8532, 1.1120) (0.8569, 1.1180) (0.8792, 1.1408)
33 1.0037 £.98778 1.01231 0.99385
a | (0.8905,1.1102) (0.8774, 1.0982) (0.9033, 1.1214) (0.8849, 1.1028)
b | (0.8695, 1.1313) (0.8562, 1.1193)  (0.8824, 1.1422) (0.8640, 1.1237)
TABLE 2
LINEAR-EXPONENTIAL MODEL RESULTS FOR i,
{a = 90% Credibility Region, b = 95% Credibility Region)
o
A 1.7 4 6 8.5
10 1.01586 0.99835 0.93210 1.00806
a | (0.9035, 1.1283) (0.8876, 1.1051)  (0.8242, 1.0400) (0.8971, 1.1210)
b | (0.8819, 1.1488) (0.8668 1.1259) {0.8035, 1.0607) (0.8757, 1.1424)
17 1.03510 1.01845 0.99202 1.03438
a | (0.9257,1.1445) (0.9070, 1.1299) (0.8815, 1.1028) (0.9247, 1.1440)
b | (0.8048, 1.1654) (0.8857, 1.1512) (0.8603, 1.1237) (0.9037, 1.1650)
24 0.97751 0.96017 1.01327 1.02109
a | (0.8687,1.0863) (0.8501,1.0702) (0.9003, 1.1263) (0.9119, 1.1303)
b | (0.8479,1.1072) (0.8291, 1.0913) (0.8786, 1.1479) (0.8910, 1.1512)
33 1.05063 0.97425 0.59604 1.01783
a | (0.9397,1.1615) (0.8658, 1.0827) (0.8865, 1.1056) (0.9097, 1.1256)
b | (0.9185 1.1828) (0.8451, 1.1035) (0.8656, 1.1265) (0.8890, 1.1463)
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TABLE 3
LINEAR-EXPONENTIAL RESULTS FOR TREATMENT 1,

N =E(hy)
Mg
to 1.7 4 6 9.5
10 0.1010 0.09985 0.0980 0.0977
17 0.1261 0.1227 0.1267 0.1234
24 0.1448 0.1445 £.1421 0.1419
33 0.1687 0.1667 0.1672 0.1659
TABLE 4
LINEAR-EXPONENTIAL RESULTS FOR TREATMENT 2,
2 = E(A)
fy
ty 17 4 8 9.5
10 0.0939 0.0831 0.0923 0.0911
17 0.1181 0.1165 0.1165 0.1145
24 0.1371 0.1365 0.1362 0.1350
33 0.1591 0.1583 0.1574 0.1561
TABLE 5
LINEAR-EXPONENTIAL RESULTS FOR a = -2 log(k,) and b = -2 log(k,)
Mg
[ 1.7 4 6 8.5
10 a 1.8058 1.8163 1.8198 1.8291
b 1.8570 1.8630 1.8680 1.8781
17 2 1.6491 1.6684 1.8457 1.6644
b 1.6954 1.7050 1.7050 17173
24 a 1.5515 1.5530 1.5648 1.5658
b 1.5052 1.5933 1.5044 1.6009
33 a 1.4447 1.4529 1.4509 1.4563
b 1.4855 1.4890 1.4930 1.4988
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